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Abstract 

We establish a Liouville comparison principle for entire sub- and super- 
solutions of the equation (*) wt — ^p{w) = \w\'^~^w in the half-space 
§ = X W, where n > 1, g > and Ap{w) := div^ {\V ^w\P-'^\/ xw) , 
1 < p < 2. In our study we impose neither restrictions on the be- 
haviour of entire sub- and super-solutions on the hyper-plane t = 0, 
nor any growth conditions on the behavior of them or any of their 
partial derivatives at infinity. We prove that ifl<g<p— 1 + ^, and 
u and V are, respectively, an entire weak super- and an entire weak 
sub-solution of (*) in S which belong, only locally in S, to the corre- 
sponding Sobolev space and are such that u < v, then u = v. The 
result is sharp. As direct corollaries we obtain both new and known 
Pujita-type and Liouville-type results. 

1 Introduction and Definitions. 



The purpose of this work is to obtain a Liouville comparison principle of 
elliptic type for entire weak sub- and super-solutions of the equation 

Wt - Ap{w) = Iwl^'^w (1) 

in the half-space § = (0, +oo) x M", where ?7, > 1 is a natural number, q > 
is a real number and Ap{w) := div^, {\V xwl^'^V xw) , 1 < p < 2, defines 



the well-known p-Laplacian operator. Under entire sub- and super-solutions 
of (1) we understand sub- and super-solutions of (1) defined in the whole 
half-space S and under Liouville theorems of elliptic type we understand 
Liouville-type theorems which, in their formulations, have no restrictions on 
the behaviour of sub- or super-solutions to the parabolic equation (1) on the 
hyper-plane t = 0. We would also like to underline that we impose no growth 
conditions on the behavior of sub- or super-solutions of (1), as well as of all 
their partial derivatives, at infinity. 

Definition 1 Let n > 1, p > 1 and q > 0. A function u — u{t,x) defined 

and measurable in E> is called an entire weak super- solution of the equation 
(1) in E> if it belongs to the function space Lg^iod^), with Ut G Li^iod^) ^"i^^ 
\Vxu\^ e Li^ioci^)) ^^'^ satisfies the integral inequality 



for every non-negative function ip G C°°(S) with compact support in S, where 
C°°(§) is the space of all functions defined and infinitely differentiable in §. 

Definition 2 A function v — v{t, x) is an entire weak sub-solution of (1) if 
u — —V is an entire weak super-solution of (1). 



Theorem 1 Let n>l,2>p>l and 1 <q<p— 1 + ^, and let u be an 
entire weak super-solution and v an entire weak sub-solution of (1) inS such 
that u> V. Then u = v in Ei. 

The result in Theorem 1 , which evidently has a comparison principle char- 
acter, we term a Liouville-type comparison principle, since, in the particular 
cases when m = or = 0, it becomes a Liouville-type theorem of elliptic 
type, respectively, for entire sub- or super-solutions of (1). 

Since in Theorem 1 we impose no conditions on the behaviour of entire 
sub- or super- solutions of the equation (1) on the hyper-plane t = 0, we can 
formulate, as a direct corollary of the result in Theorem 1, the following com- 
parison principle, which in turn one can term a Fujita comparison principle. 





2 Results. 
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for entire sub- and super-solutions of the Cauchy problem for the equation 
(1). It is clear that in the particular cases when -u = or t; = 0, it becomes 
a Fujita-type theorem, respectively, for entire sub- or super-solutions of the 
Cauchy problem for the equation (1). 

Theorem 2 Let n>l,2>p>l and 1 <q<p — 1 + ^, and let u he an 
entire weak super- solution and v an entire weak sub-solution of the Cauchy 
problem, with possibly different initial data for u and v, for the equation (1) 
in § such that u > v. Then u = v in 

Note that the results in Theorems 1 and 2 are sharp. The sharpness 
of these for q>p — 1 + ^>1 follows, for example, from the existence of 
non-negative self-similar entire solutions to (1) in §, that was shown in [1]. 
Also, there one can find a Fujita-type theorem on blow-up of non-negative 
entire solutions of the Cauchy problem for (1), which was obtained as a very 
interesting generalization of the famous blow-up result in [2] to quasilinear 
parabolic equations. For < g < 1, it is evident that the function u{t, x) = e* 
is a positive entire classical super-solution of (1) in S. 

To prove the results in Theorems 1 and 2 we further develop the approach 
that was proposed for solving similar problems for semilinear parabolic equa- 
tions in [3]. A new key point in our proof is using the fact that for 1 < p < 2 
the ]3-Laplacian operator satisfies the a-monotonicity condition (see, e.g., 
[4] ) with a — p. 
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